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Abstract 



. We prove that completely integrable systems are normalisable in the 

Tjn ' C°° category near focus-focus singularities. 

I- 

1 Introduction and exposition of the result 

In his PhD Thesis [1], Ehasson proved some very important results about sym- 
^ I plectic hnearisation of completely integrable systems near non-degenerate sin- 

^ I gularities, in the C°° category. However, at that time the so-called elliptic sin- 

^ ■ gularities were considered the most important case, and the case of focus-focus 

■ singularities was never published. It turned out that focus-focus singularities 
. became crucially important in the last 15 years in the topological, symplectic, 

and even quantum study of Liouville integrable systems. The aim of this article 
is to fill in some non-trivial gaps in the original treatment, in order to provide 
the reader with a complete and robust proof of the fact that a C°° completely 

■ integrable system is linearisable near a focus-focus singularity. 
5^ , Note that in the holomorphic category, the result is already well established 

(see Vey [7]). 

Let us first recall the result. 

Thoughout the paper, we shall denote by (gi, ^2) the quadratic focus-focus 
model system on = T*M^ equipped with the canonical symplectic form uo := 

dC,i A dxi + d^2 A dx2 : 

gi := a^i^i + X26 and q2 ■= Xi^2 - X2^i- (1) 

Let /i, /2 be C°° functions on a 4-dimensional symplectic manifold M, such 
that {/i,/2} = 0. Here the bracket {■, ■} is the Poisson bracket induced by 
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the symplectic structure. We assume that the differentials dfi and df2 are inde- 
pendent almost everywhere on M. Thus (/i, is a completely (or "Liouville") 
integrable system. 

If m G M is a critical point for a function / G C°°{M), we denote by 'Hm{f) 
the Hessian of / at m, which we view as a quadratic form on the tangent space 

TmM. 

Definition 1.1. For F = (/i,/2) an integrable system on a symplectic 4- 
manifold M, m is a critical point of focus-focus type if 

• rfF(m) = 0; 

• the Hessians Timifi) and'Hm{f2) are linearly independent; 

• there exist canonical symplectic coordinates on T^M such that these hes- 
sians are linear combinations of the focus-focus quadratic forms qi and 

Concretely, this definition amounts to requiring the existence of a linear sym- 
plectomorphism [/ : — )■ T^M such that : 

with *)eGL.(M), 

From a dynamical viewpoint, this implies that there exists G M^, such 

that the linearization at m of the hamiltonian vector field associated to the 
hamiltonian afi + /3/2 has four distinct complex eigenvalues. Thus the Lie al- 
gebra spanned by the Hessians of /i and /2 is generic (open and dense) within 
2-dimensional abelian Lie algebras of quadratic forms on (T^M, {■,■}). This is 
the non-degeneracy condition as defined by Williamson [9]. 

The purpose of this paper is to give a complete proof of the following theorem, 
which was stated in [4] . 

Theorem 1.2. Let {M,u) be a symplectic 4-i^o.nifold, and F = (/i,/2) an 
integrable system on M ( ie. {/i,/2} = 0^- Let m be a non- degenerate critical 
point of F of focus-focus type. 

Then there exist a local symplectomorphism ^ : (M^,aJo) — > (M, w), defined 
near the origin, and sending the origin to the point m, and a local diffeomorphism 
G -.M? ^ M^, defined near 0, and sending to F{m), such that 

Fo^' = G{qi,q2) 

The geometric content of this normal form theorem becomes clear if, given 
any completely integrable system F, one considers the singular foliation defined 
by the level sets of F. Thus, the theorem says that the foliation defined by F 
may, in suitable symplectic coordinates, be made equal to the foliation given by 
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the quadratic part of F. With this in mind, the theorem can be viewed as a 
"symplectic Morse lemma for singular lagrangian foliations". 

The normal form G and the normalization are not unique. However, the 
degrees of liberty are well understood. We cite the following results for the 
reader's interest, but they are not used any further in this article. 

Theorem 1.3 ([?])• If ip is a local symplectomorphism o/(M^,0) preserving the 
focus-focus foliation {q := {qi,q2) = const} near the origin, then there exists a 
unique germ of diffeomorphism G : — )■ such that 

qoip = Goq, (2) 

and G is of the form G = {Gi, G2), where G'2(ci, C2) = 6202 and 6*1(01, C2) — SiCi 
is fiat at the origin, with Sj = ±1. 

Theorem 1.4 ([6]). If (f is a local symplectomorphism o/(M^,0) preserving the 
map q = {qi,q2), then ip is the composition A o x where A is a linear sym- 
plectomorphism preserving q and x 'is the time-1 flow of a smooth function of 
(gi,?2). 



1.1 The formulation in complex variables 

Since Theorem 1.2 is a local theorem, we can always invoke the Darboux theo- 
rem and formulate it in local coordinates (xi, ^1, X2, ^2)- Throughout the whole 
paper, we will switch whenever necessary to complex coordinates. But here, the 
complex coordinates are not defined in the usual way z = x + but instead we 
set Zi := Xi + 1x2 and Z2 := ^1 + 1^2- We set then : 
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Introducing such notation is justified by the next properties : 
Proposition 1.5. • q := qi + iq2 = ^iZ2. 

• The hamiltonian flows of qi and q2 in these variables are 

ip\^ : (^1,^2) ^ {e^Zi,e-^Z2) and if^^ : {zi, Z2) ^ {e'' z^, e'' Z2) (3) 

• In complex coordinates, the Poisson bracket for real-valued functions is : 

If ] = 2( ^3 ^ df dg df dg ^ df dg 

\ dzi dz2 dz2 dzi dzi dz2 dz2 dzi 
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2 BirkhofF normal form for focus-focus singu- 
larities 



In this section we show 1.2 in a formal context (i.e. : with formal series instead of 
functions) , and use the formal result to solve the problem modulo a flat function. 
For people familiar with Birkhoff normal forms, we compute here simultaneously 
the Birkhoff normal forms of 2 commuting hamiltonians. 

2.1 Formal series 

We consider the space M|xi, X2, ^i, ^2] of formal power expansions in xi, X2, ^1, ^2- 
We recall that this is a topological space for the U -adic topology, where U is the 
maximal ideal generated by the variables. 

If / G Rfxi, X2, 6, 61, we write 

+00 

f = J2F, with = Yl hki a^ie^x^ea and f,,ki G M 

N=0 i+j+k+l=N 

For / G C~(M^,0), r(/) G M|xi,X2,6,6l designates the Taylor expansion 
of / at 0. We have the following definitions 

Definition 2.1. d{N) := {/ G M|xi, X2, 6, 61 I fijki = 0, Wi+j + k + l < N} 

Definition 2.2. / G C°°(M^,0) is 0{N) (note the difference with the previous 
definition) if one of the 3 equivalent conditions is fulfilled : 

1. f and all its derivatives of order < N at are 0. 

2. There exists a constant > such that, in a neighbourhood of the origin, 

\f{x„x„^^,C,)\^C^ixl + xl + e,+e2f^'. (4) 

3. r{f)ediN). 

The equivalence of the above conditions is a consequence of the Taylor ex- 
pansion of /. Recall, however, that if / were not supposed to be smooth at 
the origin, then the estimates (4) alone would not be sufficient for implying the 
smoothness of /. 

Definition 2.3. / G C°°(M^ 0) is flat at the origin or C(oo) if for all N eN, it 
is 0{N). Its Taylor expansion is equally zero as a formal series. 

Smooth functions can be flat and yet non-zero in a neighbourhood of 0. The 
most classical example is the function x t— exp(— which is in fact used in 
some proofs of the following Borel lemma. 
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Lemma 2.4 ([I]). Let f G C°°(M"; M)[Xi, . . . , X^]. Then there exists a function 
f G C°°(M.^~^"') whose Taylor expansion in the {xi, . . . ,Xi) variables is f. This 
function is unique modulo the addition of a function that is fiat in the {xi, . . . , Xe) 
variables. 

We define the Poisson bracket for formal series the same way we do in the 
smooth context : for A,B E ^{xi, X2, ^1, ^2], 

The same notation will designate the smooth and the formal bracket, de- 
pending on the context. We have that Poisson bracket commutes with taking 
Taylor expansions : for formal series A,B, 

{T{A),Tm = r{{A,B}). (5) 

From this we deduce, if we denote Vn the subspace of homogeneous polyno- 
mials of degree in the variables (xi, X2, ^1, ^2): 

{0{N),OiM)}cO{N + M-2) and {V^^Vm} C 

We also define ad^ : / ^ {A,f}. We still have two preliminary lemmas 
needed before starting the actual proof of the Birkhoff normal form. 

Lemma 2.5. For f G C°°(]R^; M) and A G 0{3) a smooth function, we have 

nivAYf) = exp(t adr(A))/, 
for each t G M for which the flow on the left-hand side is defined. 

Notice that, since T{A) G 0(3), the right-hand side 

°° t^ 

exp{t adr(A))/ = 5Z ^ (adr(A)) / 

is always convergent in ]R[xi, X2, ^1, ^2]- In order to prove this lemma, we shall 
also use the following result which we prove immediately : 

Lemma 2.6. For f G C°°(M4;M4) and g G C<^(M^M), if f{0) = and g e 
0{N), then g o f ^ 0{N). Moreover if f and g depend on a parameter in 
such a way that their respective estimates (4) are uniform with respect to that 
parameter, then the corresponding O {N)- estimates for g o f are uniform as well. 
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Proof. Let ||-||2 denote the Euclidean norm in M^. In view of the estimates (4), 
given any two neighbourhoods of the origin U and V, there exist, by assumption, 
some constants Cf and Cg such that 

\\f{X)\\,^Cf\\X\\, and \g{Y)\^Cg\\Y\\^, 

ior X E U and Y E V. Since /(O) = 0, we may choose V such that f{U) C V. 
So we may write 

\9{f{X))\^Cg\\f{X)\\^ ^CgCfWXW^, 
which proves the result. 

□ 

Proof of Lemma 2. 5. We write the transport equation for / 

j^{M*f)\t=s = iv>Ar{Af}- 

When integrated, it comes as 

(¥'a)7 = /+ l\^\r{AJ}ds (6) 

JO 

We now show by induction that for all G N : 

N 
fc=0 

uniformly for s G [0,t]. 

Initial step N = : Under the integral sign in (6), {A, f} G 0{1) (at least) 
and (/'^(O) = 0, so we have with lemma 2.6 that {A, /} o (^j^ g 0{1), uniformly 
for s G [0, t]. After integrating the estimate (4), the result follows from (6). 

Induction step : We suppose, for a given that 

N k 

i^ATf = J2y_^d\{f) + 0{N + 1), 

uniformly for s G [0,t]. 

Composing by ad^ on the left and by ip\ on the right, and then integrating, 
we get for any a G [0,t], 

{^Arf-f= r ^ii¥>\rf)ds= l\v\r{Aj}ds= r{A,{^%yf}ds. 

Jo Jo Jo 
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The last equality uses that ^\ is symplectic and = A. The induction 

hypothesis gives 

M7 = /+ r5^^(ad^)'+i(/)ds+ [\dA{0{N + l))ds 
Jo ;.^o fc! Jo 

TV+l 
fc=0 

uniformly for o" G [0, t], which concludes the induction. □ 

The next lemma will be needed to propagate through the induction the com- 
mutation relations. 

Lemma 2.7. For /i, /2, A formal series and A G 0{3) 

{exp(adA)/i,exp(adA)/2} = exp(adA){/i, /a} 

Proof. The Borel lemma gives us A G whose Taylor expansion is A. Since a 
hamiltonian flow is symplectic, we have 

(^!4)*{/l,/2} = {(^:4)7l,(^!i)72}. (7) 

We know from Lemma 2.5 that the Taylor expansion of (v^^)*/ is exp(adA)/. 
Because the Poisson bracket commutes with the Taylor expansion (see equa- 
tion (5)), we can simply conclude by taking the Taylor expansion in the above 
equality (7). □ 

2.2 Birkhoff normal form 

We prove here a formal Birkhoff normal form for commuting Hamiltonians near 
a focus-focus singularity. Recall that the focus-focus quadratic forms qi and q2 
were defined in (1). 

Theorem 2.8. Let fi G M|xi, X2, ^i, ^2], = 1, 2, such that 

• {/l,/2}=0 

• fi = aqi + bq2 + 0(3) 

• /2 = cgi + dq2 + 0{3) 



a b 
c d 



G GL 



Then there exists A G M|xi, X2, G], with A G 0{3), and there exist Qi G 
[ti,t2], i = 1,2 such that : 

exp(adA)(/i) = 9iiqi,q2), i = 1,2 (8) 
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Proof. Let's first start by left-composing F := {fi, f^) by , to reduce 

to the case where fi = qi + 0{?>) and f2 = (I2 + C'(3). Let zi := Xi + 1x2 and 
Z2 ■= 6 + i^2- 

Of course, an element in ]R|xi, a;2, ^1, ■^2] can be written as a formal series in 
the variables zi, Zi, Z2, Z2. We consider a generic monomial = Zi'^ Z2^ zi^'^ Z2'^'^ . 
Using (3) , it is now easy to compute : 

5 - T+ \\^qi! ^1 ^2 ^1 ^2 ) \t=0 

at ^g^ 

= I (e(— ^+/^-ft)*z°'^) |,=o = (ai - a2 + A - P2K^ ■ 
For the same reasons, we have : 

{g2, z°^} = ^(ai + a2 - A - /32)z"^. (10) 

Hence, the action of qi and 52 is diagonal on this basis. A first consequence 
of this is the following remark: any formal series / G ]R|xi, X2, ■Ci; 'C2] such that 
= {/,92} = has the form / = g{qi,q2) with g E M|ti,t2l (and the 
reverse statement is obvious). Indeed, let 

If {qi, f} = {q2, f} = 0, then all must vanish, except when ai — 0:2 + 
Pi — (^2 = and ai + a2 — Pi — P2 = 0. For these monomials, ai = P2 and 
0^2 = Pi, that is, they are of the form {ziZ2)'^{ziZ2Y = q^q^ (remember that 
q = qi + iq2 = ^1^2)- Thus we can write 



/ = ^ CkeqUL e C. 



Specializing to X2 = we have g^g2 = ^i~^^^iC2- Since / G M[xi, a;2, ■Ci? we see 
that Cke G M, which establishes our claim. 

We are now going to prove the theorem by constructing A and g by induction. 

Initial step : Taking A = 0, the equation (8) is already satisfied modulo 
0(3), by assumption. 

Induction step : Let N ^ 2 and suppose now that the equation is solved 
modulo 0{N + 1) : we have then constructed polynomials A^^\ g\^^ such that 

exp(ad^(iv))(/,) = gf\qi, ^2) + rf +^(^1, ^2, ^1, ^2)^ mod 0{N + 2). 

d°<N+i exijv+i 
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With the lemma 2.7, we have that 

{exp(ad^(iv))/i,exp(ad_4(iv))/2} = exp(ad^(]v)){/i, = 

Hence 

{^^r,^?^} + + {rr'^gi""^} + {rr\rr'} - O mod 0{N + 2). 

Since g[^^ and gfg^'' are polynomials in (gi, ^2)5 they must commute : 
= 0. On the other hand, {r^^\r^-^^} G V{2N) so 

{ 9^ ,rr'} + {rr\ ^ } = modO(iV + 2) 

=gi+0(3) =52+0(3) 

which implies {^^f^'*'^, ^2} = {'"2^"'^^; Qi}- 

One then looks for ^(^+1) - ^(^) = An+i e P^v+i, and gf^^^ - g\^^ = 
gf^^ e Vn+1, with {^f +\ g^} = for i,j = 1, 2, such that 

exp(ad^(^+i))(/,) modO(iV + 2). (11) 

We have 



exp(ad^(iv+i)) = exp(ad_4(iv) + ad^jv+J = 



(ad_4(]v) + ad^jv+i 



k=0 

Here, one needs to expand a non-commutative binomial. We set 

((ad^(iv))'=-'(adA^+j') 

for the summand of all possible words formed with k — I occurrences of ad_4(jv) 
and / occurences of ad^^^^^ . We have then the formula 

(ad_4(iv) + ad^jv+i)'' = ad^iN) + ((ad_4(iv))''"^adAjv+i) 

+ . . . + (ad^(iv)(adA^^j''~^) + (ad^^^^j'^ 

What are the terms that we have to keep modulo 0{N+2) ? As far as we only 
look here to modifications of the total valuation, the order of the composition 
between ac/'s doesn't matter here. Let's examinate closely : 
ad^^^^(C(n)) C 0{k{N + 1) + n - 2), and so for any h G C(3) and any ^ 1, 

ad\^Jh)eO{N + 2). 

Thus 

exp(ad^(.+.))(/,) = Yl +^^^-+^^^^) + 

fc=0 

V ' 

=exp(ad^(jv))(/i) 
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Therefore, equation (11) becomes 

gf^ + r-r' + ad^,^,(g.) = g'^''^'^ mod 0{N + 2), 

and hence 

r {/l„+i,„} + rf+'=9f+i 
'"'^ / '''' 

Using the notation A^+i = E ^JV+i,a/3z"^ rf+i = Y.rf^p^''^ and ^^f+i = 
E ^?fi'z"^ we have 

^^+i,a/3(«i - a2 + /3i - /^a) + r^^ip = 9^,^ 

We can then solve the first equation by setting, 
a) when ai — a2 + f3i — 



(12) 



9i,a0 := and A^p := (these choices are necessary); 



b) when ai — a2 + (3i — (32 = : 

9iaB ■~ ^i^afl (necessarily), and Aa/s := (this one is arbitrary). 



Similarly, we solve the second equation by setting 
c) when ai + a2 — (3i — (32 0: 

—r 

j(oi+02-/3i-/32) 



9i,aB ■■= and A^^ := -.^ , Jl^.g,) (necessarily); 



d) when ai + 02 — (3i — (32 = 0: 

92 ■~ ^2ai3 (necessarily) , and A^i^ := (arbitrarily). 

Notice that (a) and (c) imply (in view of (9) and (10)) that 9^~^^ commutes 
with qi and g2- 

Of course we need to check that the choices for Aai3 in (a) and (c) are com- 
patible with each other. This is ensured by the "cross commuting relation" 
{r^~^^, 92} = {^^2^^^; which reads 

t{ai + «2 - A - /32)ri^+; = («i - «2 + /3i - (32)r^,S- 

□ 

Remark 2.9 The relation {rf+\g2} = 

is a cocycle condition if we 
look at (12) as a cohomological equation. The relevant complex for this coho- 
mological theory is a deformation complex "a la Chevalley-Eilenberg", described, 
for instance, in [5]. A 

As a corollary of the Birkhoff normal form, we get a statement concerning 
C°° smooth functions, up to a fiat term. 
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Lemma 2.10. Let F = (/i, /2), where fi and f2 satisfy the same hypothesis as in 
the Birkhojf theorem 2.8. Then there exist a symplectomorphism x ofW^ = T*M^, 
tangent to the identity, and a smoo th local diffeomorphism G : (R^ 0) (M^ 0), 

tangent to the matrix ( \\ such that : 



c d, 

X*F = G{qi,q2) + 0{oo). 

Proof. We use the notation of (8). Let gj, j = 1, 2 be Borel summations of the 
formal series gj, and let A be a Borel summation of A. Let G := (^1,^2) and 
X '■= v^^. Applying Lemma 2.5, we see that the Taylor series of 

X*F-G{q,,q2) 

is flat at the origin. 

□ 

We can see that Lemma 2.10 gives us the main theorem modulo a flat func- 
tion. The rest of the paper is devoted to absorbing this flat function. 

3 A Morse lemma in the focus-focus case 

One of the key ingredients of the proof is a (smooth, but non symplectic) equiv- 
ariant Morse lemma for commuting functions. In view of the Birkhoff normal 
form, it is enough to state it for flat perturbations of quadratic forms, as follows. 

Theorem 3.1. Let hi, /12 be functions in 0) such that 

hi = qi + C(oo) 
h2 = q2 + 0{oo). 

Assume {hi, /i2} = for the canonical symplectic form on = T*R^. 

Then there exists a local diffeomorphism T of (M^, 0) of the form T = id + 
0{oo) such that 

T*hi = qi , i = 1,2 

Moreover, we can choose T such that the symplectic gradient 0/^2 foruo and 
for oj = T*ujq are equal, which we can write as 

CP)- ^x°{'^*^o) = -dq2 
That is to say, T preserves the E>^ -action generated by 52- 
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3.1 Proof of the classical flat Morse lemma 



In a first step, we will establish the flat Morse lemma without the {V) equivari- 
ance property. This result, that we call the "classical" flat Morse lemma, will be 
used in the next section to show the equivariant result. 

Proof. Using Moser's path method, we shall look for T as the time-1 flow of a 
time-dependent vector fleld Xt, which should be uniformly flat for t G [0, 1]. 

We deflne : Ht := (1 - t)Q + tH = {1 - t) (^^^^ + t (^^^ . We want Xt to 

satisfy 

((/.^j*i/, = g, vtG [0,1]. 

Differentiating this equation with respect to t, we get 



t \* 

Xt) 



dt 



+ CxtHt 



iVxX [~Q + H+ {txtd + dzxjHt] = 0. 



So it is enough to flnd a neighbourood of the origin where one can solve, for 
t e [0, 1], the equation 

dHt{Xt) =Q-H=:R. (13) 

Notice that R is flat and dHt = dQ - tdR = dQ + 0{oo). 

Let Q be an open neighborhood of the origin in R^. Let's consider dQ as a 
linear operator from the space of smooth vector flelds, to C°°(fi)^, the 

space of pairs of smooth functions. This operator sends flat vector flelds to flat 
functions. 

Before going on, we wish to add here a few words concerning flat functions. 
Assume Q is contained in the euclidean unit ball. Let C°°(r2)flat denote the 
vector space of flat functions deflned on Q. For each integer N ^ 0, and each 
/ e C~(fi)flat, the quantity 

PN{f) = SUp^^ 

zen \\z\\^ 

is flnite due to (4), and thus the family (pn) is an increasing*^' family of norms on 
C°°(r2)fiat- We call the corresponding topology the "local topology at the origin", 
as opposed to the usual topology deflned by suprema on compact subsets of 
Q. Thus, a linear operator A from C°°(r2)fiat to itself is continuous in the local 
topology if and only if 

ViV^O, 3iV'^ 0,30 0, V/ pr,{Af)^Cpr,if). (14) 
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For such an operator, if / depends on an additional parameter and is uni- 
formly flat, in the sense that the estimates (4) are uniform with respect to that 
parameter, then Af is again uniformly flat. 

Lemma 3.2. Restricted to flat vector fields and flat functions, dQ admits a 
linear right inverse ^ : C°°(ri)|^j -> X{yL)flat : for every U = (mi,M2) e C°°{Qy 
withuj G 0{oo), one has 

dq^i'^iU)) = U2. 
Moreover is a multiplication operator, explicitly : 



^(U) = 



xt + xi + + 



6 -^1 

Xi -X2 
\X2 Xi ) 



(15) 



In (15) the right-hand side is a matrix product; we have identified ^l/(t/) with 

a vector of 4 functions corresponding to the coordinates of ^'(t/) in the basis 

/ a 8 a a \ 

y 9x1 ' ax2 ' (9?! ' (96 ■ 

An immediate corollary of this lemma is that ^ is continuous in the local 
topology. Indeed, if \uj\ ^ C(xf + xl + ^l + ^1)^/^ for j = 1, 2, then 

II vl/(f/)(xi, X2, 6, 6) II ^ d{n)C{xl + xl + + iir''-'- (16) 

Here ||^'(f/)(xi, X2, ^i, ^2)|| is the supremum norm in and d{VL) is the diameter 
oiVL. 

Now assume the lemma holds, and let A := o dR, where R = (ri,r2) was 
defined in (13). A is a linear operator from X{Q)ii^t to itself, sending a vector 
field V to the vector field \l/((iri(f ), dr2{v)). From the lemma, we get : 

dQ{A{v)) = dRiy). 

We claim that for VL small enough, the operator (Id — tA) is invertible, and its 
inverse is continuous in the local topology, uniformly for t G [0, 1]. Now let 

Xt := {U-tAy^ o^{R). 

We compute : 

dHt{Xt) = dQ{Xt) - tdR{Xt) = dQ{Xt) - tdQ{A{Xt)) = dQ{ld - tA){Xt). 
Hence 

dHtiXt) = rfg(*(i?)) = R. 

Thus equation (13) is solved on Q. Since Xt{0) = for all t, the standard Moser's 
path argument shows that, up to another shrinking of ^2, the fiow of Xt is defined 
up to time 1. Because of the continuity in the local topology, Xt is uniformly flat, 
which implies that the flow at time 1, T, is the identity modulo a flat term. 

□ 
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To make the above proof complete, we still need to prove Lemma 3.2 and the 
claim concerning the invertibility of (Id — tA). 

Proof of Lemma 3.2. Let u := Ui + iu2 and q := qi + iq2- Thus we want to find 
a real vector field Y such that 

dq{Y) = u. (17) 



look for Y in the form Y = + + + dj^r- . The vector field Y is real 

azi ozi az2 oz2 



We invoke again the complex structure used in the Birkhoff theorem, and 
)k for Y in the form Y = + 

_ _azi ozi 

if and only if a = 6 and c = d. Writing 

dq = d{ziZ2) = Z2dzi + Zidz2 
we see that (17) is equivalent to 

2:26 + ZiC 



u. 



Since u is flat, there exists a smooth flat function u such that u = {\zi\'^+\z2\'^)u 

ZiZiU + Z2Z2U. 

b = Z2U 



Thus we find a solution by letting 



ZiU 



Back in the original basis 



*(f/) := Y 



1 



{^e{z2u), '^m(z2u), ^e{ziu), Qm,{ziu)) 



Kll + \Z2\ 

Thus, is indeed a linear operator and its matrix on this basis is 



1 



Xi -X2 
\X2 Xi ) 



□ 



Now consider the operator A = ^ o dR. We see from equation (15) and the 
fact that the partial derivatives of R are flat that, when expressed in the basis 
(all' all' ^) °f '^(^)flat, A is a 4 X 4 matrix with coefficients in C°°(l])flat. 
In particular one may choose Q small enough such that sup^gj^ ||y4(z)|| < 1/2. 
Thus, for all t G [0, 1], the matrix (Id — tA) is invertible and its inverse is of the 



< 1. Now 



form Id + tAt, where A^ has smooth coefficients and sup^g^ 

PN{f + tAtf) ^ PN{f) + PN{Atf) ^ 2pAr(/) : (Id + tAt) is uniformly continuous 
in the local topology. 

With this the proof of Theorem 3.1, without the (V) property, is now com- 
plete. 



14 



3.2 Proof of the equivariant flat Morse lemma 

We will now use the flat Morse lemma we've just shown to obtain the equivariant 
version, ie. Theorem 3.1. 

The main ingredient will be the construction of a smooth hamiltonian 
action on the symplectic manifold (M^,a;o) that leaves the original moment map 
[hi, invariant. The natural idea is to deflne the moment map H through an 
action integral on the lagrangian leaves, but because of the singularity, it is not 
obvious that we get a smooth function. 

Let 7z be the loop in equal to the 5'^-orbit of z for the action generated 
by q2 with canonical symplectic form Uq. Explicitly (see (3)), we can write z = 
{zi, Z2) and 

7,(t) = (e2-*2i,e2-*^2), tG[0,l]. 
Notice that if 2; = then the "loop" 7^ is in fact just a point. A key formula is 

12 = ^ I «o- 

This can be verifled by direct computation, or as a consequence of the following 
lemma. 

Lemma 3.3. Let ao be the Liouville 1-form on M^"" = T*]R" (thus cuq = dao). If 
H is a hamiltonian which is homogeneous of degree n in the variables (^1, . . . , 
defining as the symplectic gradient of H induced by uq, we have : 

aoiK) = nH 

Proof. Consider the M^-action on T*]R" given by multiplication on the cotan- 
gent flbers: V5*(xi, . . . . . . ,^„) = (xi, . . . ,a;„,t^i, . . . ,t^„). Since ao = 

Sr=i ^idxi, we have : v^**ao = too- Taking the derivative with respect to t gives 
£=-ao = ao where S is the inflnitesimal action of ; = (0, . . . , 0, .^1, . . . , 
By Cartan's formula, i^dao + d{isao) = a^. But isc^o = J2^=iCidxi{S) = so 
ao = z=cuo- 

Thus, ao{X^) = uJo{S, X^) = dH{S), and since if is a homogeneous function 
of degree n with respect to S, Euler's formula gives CsH = dH{S) = uH. 
Therefore we get, as required : 

dH{S) = nH{S) 

□ 

From this lemma, we deduce, since q2 is invariant under Xj^ • 
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1 

2^ 



ao = / ao72(t)(A'°Jc/t = / q2{lz{t)) = q2 
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By the classic flat Morse lemma we have a local diffeomorphism $ : — ?> 
such that ^*hj = qj, j = 1,2. Let a := (<l>~^)*ao, and let 

K{z) /«, 



7z 



and let H := K o^. Note that 



H{m) = ao 

J 72 [m] 



where 72[m] := o ^21^ = ^{i^)], and H{0) = 0. 

We prove now that if is a hamiltonian moment map for an S^-action on M 
leaving {hi,h2) invariant. 

Lemma 3.4. H G C°°(M^O). 

Proof. Equivalently, we prove that K e C~(R^, 0). The difliculty lies in the fact 
that the family of "loops" 7^ is not locally trivial: it degenerates into a point 
when 2 = 0. However it is easy to desingularize K, as follows. Again we identify 
with C^; we introduce the maps : 

J : C X — ^ J, : C ^ M 

(C,(^i,^2)) *-^(C2;i,C22) ((^1,(^2) 
so that 72 = {jz)\u{i)- Let -D C C be the closed unit disc {( ^ 1}. Thus 



a = a = j^a = / j^a. 

7z h-AU{l)) Ju{l) JdD 



Let u! := da. By Stokes' formula, 



dD JD JD 

Since D \s a, fixed compact set and uj, j are smooth, we get K G C°°(M^, 0). □ 

Consider now the integrable system {hi, h2). Since H is an action integral for 
the Liouville 1-form ao, it follows from the action-angle theorem by Liouville- 
Arnold-Mineur that the hamiltonian fiow of H preserves the regular Liouville 
tori of {hi,h2). Thus, {H,hj} = for j = 1,2 on every regular torus. The 
function {H,hj} being smooth hence continuous, {H,hj} = everywhere it 
is defined : H is locally constant on every level set of the joint moment map 
{hi, h2). Equivalently, K is locally constant on the level sets of g = {qi, 52)- It 
is easy to check that these level sets are locally connected near the origin. Thus 
there exists a map g : (M^, 0) M such that 

K = goq. 
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It is easy to see that g must be smooth : indeed, K itself is smooth and, in view 
of (1), one can write 

g{ci, C2) = K{xi = Ci, X2 = -C2, G = 1, ^2 = 0). (18) 

We claim that the function (ci,C2) H- (7(01,02) — C2 is flat at the origin : since 
$ = + 0(00), we have : a = ^*ao = ao + 0(oo) so K{z) = J^^^^^ ao + C(oo) = 
?2 + v{^) with rj a flat function of the 4 variables. We show now the lemma : 

Lemma 3.5. Let t] G C°°(M^; M) be a flat function at the origin in such that 
ri{z) = fi{qi, ^2) for some map /i : — M. Then fi is flat at the origin in M^. 

Proof. We already know from (18) that fi has to be smooth. Thus, it is enough 
to show the estimates : VA^ G N, 3Cn G M such that 

V(ci,C2) G M^ |r/(ci,C2)| ^ ||(ci,C2)ir = C^(|ci|' + \c,\Y/'. 

Since 77 is flat, we have, for some constant C^, 

|'7(a;i,a;2,^i,6)l ^ Cn ||(a;i,a;2,6,6)ir • 

But for any c = (ci + 102) G C, there exists {zi, Z2) G q~^{c) such that 2 \cf = 
+ |-22|^ : if c = we take z = 0, otherwise take Zi := |c|^^^ and Z2 := c/zi, so 
that q{zi, Z2) = Z1Z2 = c. 

Therefore, for all (ci, C2) G we can write 

|/i(ci,C2)| = |r/(^i,^2)| ^Cjv||(^i,^2)ir^2Cjv|cr, 

which flnishes the proof. □ 
We have now : 

{h) = {h2 + fi{hi,h2)) 

By the implicit function theorem, the function V : {x,y) h-> [x,y + fi{x,y) 
is locally invertible around the origin, since fi is flat; moreover, V^-^ is inflnitely 
tangent to the identity. Therefore, in view of the statement of Theorem 3.1, we 
can replace our initial integrable system (/ii,/i2) by the system V o {hi,h2) = 
{h,,H). 

Thus, we have reduced our problem to the case where h2 = H is a, hamilto- 
nian for a smooth 5*^ action on M^. We denote by Sj^ this action. The origin is 
a flxed point, and we denote by lin(S')^) the action linearized at the origin. We 
now invoke an equivariant form of the Darboux theorem. 



17 



Theorem 3.6 (Darboux-Weinstein [2]). There exists (f a dijfeomorphism of 
(]R^ 0) such that : 



The linearization TqCUq of is : is a symplectomorphism, and the hn- 
earization of the S^-action of H is the S^-action of the quadratic part of H , which 
is Hence H o ip~^ and q2 have the same symplectic gradient, and both vanish 
at the origin : so H o {p~^ = q2- So we have got rid of the flat part of /i2 without 
modifying the symplectic form. The last step is to give a precised version of the 
equivariant flat Morse lemma : 

Lemma 3.7. Let hi, /i2 be functions in C°°(M'^, 0) such that 

f/ii = gi + 0(oo) 
\h2 = q2 



Then there exists a local diffeomorphism T of (M^, 0) of the form T = id + 
0{oo) such that 



Moreover, we can choose T such that the symplectic gradient of q2 foruJo and 
for T*Uq are equal, which we can write as 



That is, T preserves the -action generated by q2. 

Proof. Following the same Moser's path method we used in the proof of the 
classical flat Morse lemma, we come up with the following cohomological equa- 
tion (13) 



The classical flat Morse lemma ensures the existence of a solution Xt to this 
system. We have then that {ri, ^2} = {^"2, = 0, because here r2 = 0. We have 
also that : {gi, ^2} = 0, {^2, Q'2} = , so ri,gi and 52 are invariant by the flow of 
q2. So we can average (Z) by the action of q2 ■ let := (p^o be the time s-flow 

92 

of the vector field and let 



T*hi = qi , i = 1,2 



dq2 



{dqi + tdri){Xt) =ri 
dq2iXt) = 




If a function / is invariant under (f2, i-G. (flYf ~ /' then 
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Integrating over s G [0, 27r], we get {Xt)f = (Xtf), where the latter is the stan- 
dard average of functions. Therefore (Xt) satisfies the system (Z) as well. 
Finally, we have, for any s, {1^2)* (Xt) = (Xt) which implies 



integrating (19) with respect to t gives (ip^i^^^^)* X^^ = X^^. For t = 1 we get 
T*X^^ = Xg^. But, by naturality T*X^,^ is the symplectic gradient of T*g2 = ^2 
with respect to the symplectic form T*ci;o = oj, so property (P) is satisfied. □ 

4 Principal lemma 
4.1 Division lemma 

The following cohomological equation, formally similar to to (12), is the core of 
Theorem 1.2. 

Theorem 4.1. Let ri, r2 G C°°((]R^, 0); M), flat at the origin such that {ri, ^2} = 
{r2, qi}. Then there exists f G C~((M^ 0); M) and 02 e C°°((M2, 0); M) such that 



and f and 02 are flat at the origin. Moreover 02 is unique and given by 



where s h- )■ ip^^^ is the hamiltonian flow 0/^2- 

One can compare the difficulty to solve this equation in the ID hyperbolic 
case with elliptic cases. If the flow is periodic, that is, if SO{q) is compact, then 
one can solve the cohomological equation by averaging over the action of SO{q). 
This is what happens in the elliptic case. But for a hyperbolic singularity, SO{q) 
is not compact anymore, and the solution is more technical (see [3]) . In our focus- 
focus case, we have to solve simultaneously two cohomological equations, one of 
which yields a compact group action while the other doesn't. This time again, it 
is the "cross commuting relation" {rj, qj} = {rj, qi} that we already encountered 
in the formal context that will allow us to solve simultaneously both equations. 

Proof. Let <^l-^,^pl^ be respectively the flows of qi and ^2- From (3), we see 
(fq2 is 2-7r-periodic : g2 is a momentum map of a hamiltonian S^-action. Since 




{f,qi}{x,0 = ri 
{f,q2}{x,0 = r2- 02(gi,g2), 



(20) 




(21) 
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(v5g2)*{/'^2} = -ji [(V^g2)*/]' integral of {/, ^2} along a periodic orbit van- 
ishes, and (21) is a necessary consequence of (20). We set, for all 2; G : 



1 



2tt 



Notice that /12 is smooth and flat at the origin. One has {/i27 Q'2} = and 
{h2, qi} = ^ ^''^{«)*r2, q^}ds = ^ {^'J*qi}ds 



2tt ( 1 r2-K 



, i^iy{r2,qi}ds=\— {iplXrids,q2 

={'ri,q2} 

Thus dh2 vanishes on the vector flelds A^j^ and Xg^, which implies that /12 is 
locally constant on the smooth parts of the level sets (gi, ^2) = const. As before 
(Lemma 3.5) this entails that there is a unique germ of function 02 on (M^, 0) 
such that /i2 = (f)2{qi,q2)] what's more 02 is smooth in a neighbourhood of the 
origin, and flat at the origin. 

Next, we define f2 = r2 — h2 and 

f2iz) = -^ r S{^lj{f2{z))ds. 

Then /2 G C°°((M^ 0); R)flat, and we compute : 



{g2,/2} = -^^ s{g2,«)*r2}d 



27r 1 r2'iT 



1 1 C'^^ 

H^l2T^^]Z7 + ^ / «)*^2C?^ = -r2 = 02(gi,g2) - r2. 







=0 



In the last line we have integrated by parts and used that f2 has vanishing 
S^-average. Hence /2 is solution of {/2, ^2} = 1^2 — 4>2{qi, ^2) and {/2, qi} = 0. So 



(20) ^ 



{/ - /2,gi} = ri 
{/-/2,g2} = 



So we managed to reduce the initial co homo logical equations (20) to the case 
^"2 = 02 = 0; In other words, upon replacing / — /2 by /, we need to solve 

{f,qi} = ri ,^2^ 
{/,g2} = ^ ^ 
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and the cocycle condition simply becomes {ri, ^2} = 0. 

Now, in order to solve the first cohomological equation of (22), we shall re- 
duce our problem to the case where ri is a flat function on the planes zi = and 
Z2 = 0. For this we shall adapt the technique used by Colin de Verdiere and Vey 
in [3], but in a 4-dimensional setting. 

Let Zi = re** and Z2 = pe*^. We introduce the usual vector fields : 



d 
dr 


d 

^ dxi 


d 

0x2 


d 

dt ~ 


d 
dxi 


d 

dX2 


d 

% 






d 

de ~ 


c 9 





Remember that in complex notation q = qi + iq2 = Z\Z2- In polar coordinates, 
our system becomes 

l \ dt ^ de J ~ 

and the cross-commuting relation becomes: + ^) ri = 0. 

We first determine the Taylor series of / along the Z2 = plane; we denote 
for any function h E C°°(M^ M) 

[h]e,,e2{xuX2) := —j—^{xuX2,0,0). 

Now, when applying li times ^ and I2 times ^ to the equations (23), and then 
setting .^1 = .^2 = 0, one gets 

r '^'^g^!''^ (xi,X2) - (4 + 4)[/]£i,£2(^i,a;2) = [rij^.^^^l^i, ^2) 



at -0 




dt 



So the second and third equation tells us that [ri]^^ ^2 and [f]i^i2 be 
written as continuous functions of r. We set [^^ij^i/al^i; ^2) = [Ri\h/2{\/ ^\ + ^2) 
and [/]^i,£2(^i5 ^2) = [F]ii/2{\/ ^\ + ^D- The equation satisfied by [-F]£i,^2 
[-Ri]£i,i2 is actually an ordinary differential equation of the real variable r, which 
admits as a solution 



(-2 



{tr)dt 



For any t ^ 0, [Rili^^i^it) = [ri]e-i^/2{t, 0); hence [i?i]^^,i2 is smooth on IR+, and flat 
at the origin. This implies that the above integral is convergent for any (£1,^2), 
and defines a smooth function of r ^ 0, which is also flat when r — > O"*". We shall 
now check that [F]^^^^2(\/3;f + x|) is a smooth (and flat) as a function of Xi and 
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X2- Obviously, the only problem that can occur is at (0, 0), since the square root 
is not a smooth function at the origin. Yet, we can see with the help of the Faa 
Di Bruno formula that, for any smooth function F on (0, oo). 




k=0 



(Here i?„ ^ designate the (n, A;)-th Bell polynomial; of course we don't need its 

exact value). Since £^(A/i) = 2~2"-"i^(n"-/)!' ^^~"' ^^^^ ^^^^ £^ [-^ ° (V^)] 
is a finite sum of terms of the form 

Cj ^-^ with Cj e R and Nj e N. 

x~ 

Since, in our case, F is in fact fiat when r — j- 0"^, all of these terms tends 
to when x does, so F o ^ is a smooth, and actually fiat function. Hence 
[/]^i/2 ^ fl^^ function of the variables (xi,X2). Now, invoking Borel's lemma, 
let Ui G C°°(]R'*; M), whose Taylor expansion in the ^ variables is 

We have that mi is fiat all along the axis = 0. One can always symmetrize 
this last function by the action of q2- We still get a fiat function on zi = 0. Let's 
review the properties of ui 

• ri — qi} is fiat on ^2 = by construction of Ui 

• Ui and therefore {ui,qi} are fiat on = 

• {ui, ^2} = on the whole space. 

On can construct by the same process U2, fiat all along Z2 = and such 
that {u2,qi} — Ti is fiat on zi = 0, and {u2,q2} = the whole space. The 
cohomological equations (22) are now equivalent to 

{/ - Ui - U2, qi} = n- {ui + U2, qi} 
{f -Ui- U2, ^2} = -{ui + U2, q2} = 0. 

Notice that ri — {ui + U2,qi} = Ti — {ui,qi} — {u2,qi} is fiat on both planes 
Zi = and Z2 = 0. Thus, replacing / — Mi — M2 by / again, we are now reduced 
to the case where ri is a fiat function on both planes zi = and Z2 = 0. We'll 
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now solve the cohomological equation away from zi = or Z2 = and extend it 
to these planes. If / is a solution, it satisfies the transport equation 



-ft [«)V]L=. = «)*{/, gi} = «)*n. 

Integrating between and a time T depending on zi and Z2, we get 

Jo 

Looking for a solution / of the form / = J^^ {(p^^_^)*rids, we get 
{f,qi} = n-{l + {qi,T}){cplyn 



and, using {ri, 52} = 0, 



{/,g2} = {T,g2}(^DVi. 



Thus, such an / will give us a solution to both cohomological equations if T 
satisfies 

{r,92} = o ' 

Notice that this can be easily understood in a geometrical manner near a regular 
point of the map (gi, ^2), in the following way. We fix a hypersurface To transver- 
sal to the flow of qi and invariant under the flow of ^2; then T{z) is the (locally 
unique) time such that ifqj'^^^\z) G To- 

Here, we may take T = ^ [In |2;2p — In l^ip], which corresponds to the hyper- 
surface \zi\ = 1 22 1 5 and gives a smooth solution on each connected component of 

\ {9 = 0} (singularities of T are exactly the zero locus of q). 

The last thing one has to check is that this solution can be extended to the 
whole space as a smooth solution; actually, / will be flat on the two complex 
axis Zi = and Z2 = 0. Let's denote a derivation of arbitrary degree in the four 
variables zi,zi,Z2, Z2 by 

Lap '■- 



dz'^'dziP^dzTdz2^^' 
We can then write 



Lapf = I {Lai3ri){e'zi,e 'z2)e^"ds 

Jo (25) 

+ ((L^^T)' (Lys'n) (e^^i, e-^Z2)e'^^) 
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with A; G Z depending on (a, The term between brackets designates a finite 
sum of terms of the generical form inside the bracket, where the number of terms 
and the exact values of 7, S, 7', 6', £ and m depend on {a, (3). 

We wiU make use of the foUowing fact : if a smooth function r{zi, Z2) is flat 
on Zi = 0, then for any A^^i ^ 0, the function r{zi, Z2)/ \zi\^^ is stiU smooth and 
flat on Zi = 0. Of course the corresponding statement holds if r is flat on the 
plane Z2 = 0. Thus, when r is flat on both planes Zi = 0, Z2 = 0, the function 
r{zi,Z2)/ 1^1 1^ 1^2!^^ is again smooth and flat on both planes. Therefore, given 
any A^i, N2 and any bounded region for (^1,^2), there exists a constant C > 
such that 

|r(^i,^2)| ^C|^l^M^2^^ (26) 
We return now to the terms in (25). Notice that, by construction, 

max(|e^2i| , |e~'^2;2|) ^ max(|2;i| , \z2\), 

when s varies between and T. This is clear also from the geometric picture. 
Thus, using that La^ri is flat along zi = and ^2 = we have from (26), for 
bounded {zi, Z2) and for any Ni,N2, a constant C > such that 

|(L„^ri)(e^Zi,e-%)| ^ C{e' \z^\)^^{e-' \z2\f' 

= C \q\ (e* \zi\f'-\e-' 1^21)"^'"' (27) 

Choosing A''i and A'2 large enough, and taking {a, (3) = (7', 5'), s = T, this 
proves that each of the terms between brackets (25) in tend to as |g| — 0. 

We consider now the integral term. If 1 22 1 ^ then T ^ 0; letting N2 = 1 
in (27) we get 

VsG [T,0], |(L,^ri)(e^zi,e-^22)| ^C|g|(e-'^l|^i|)^^-^ 
If we suppose instead 1 21 1 ^ 1 22 1 , we get similarly 

VsG [0,T], |(L,^ri)(e^2i,e-%)| ^C|g|(e-I^l|^2|)'^^-^ 
Therefore we can write, for any bounded {zi, Z2) and any A^, 
\{L^^n){e'zue-'z2)\ ^C\q\{e-^'^\z\)^, with \z\ := msix{\z,\ , \z2\) . (28) 



Thus, with N^\k\ + 1, 

[ {L^pri){e'zi,e-'z2)e^'ds 
Jo 



■\T\ 

^ C \q\ I e-'ds ^ C \q\ . 



This shows that this term tends to as |g| — t- as well. 

These estimates conclude the proof : our solution on \ {g = 0} extends to 
a smooth function on C^. By continuity of Poisson brackets, this extension is a 
solution to our cohomological equation (22) on the whole space. □ 
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4.2 A Darboux lemma for focus-focus foliations 



Here again M.'^ is endowed with the canonical symplectic form uq. RecaU that the 
regular level sets of the map q = (gi, 52) : — )■ are lagrangian for uq. 

Proposition 4.2. Let u be a symplectic form on such that 
(a) oj = ojq + 0{oo); 

(h) the regular level sets of q are lagrangian for uj ; 
(c) for allz e 

(jj — Wo = 0, 



where is the disk given by 

:={(C^i,C^2)eC2; CeC,|Cl^i} 

(here we identify M"^ with and denote z = {zi, Z2) G C^). 

Then there exists a local diffeomorphism $ of (M^,0) and U = (f/i,f/2) 0. local 
diffeomorphism of (M^, 0) such that 

1. $*CJ = Uo 

2. = f/i(gi,g2) 

3. $*g2 = U2{qi,q2) 

4- Both $ and U are infinitely tangent to the identity. 

Notice that conditions 2. and 3. together mean that $ preserves the (sin- 
gular) foliation defined by the level sets of q. Notice also that the hypothesis 
(a),(b),(c) are in fact necessary : for (a) and (b) this is obvious; for (c), remark 
that 7^ := dD^ is an orbit of the S'^-action generated by q2 for the canonical sym- 
plectic form Wo, and thus is a homology cycle on the Liouville torus q = const. 
Since $ is tangent to the identity, ^*'jz is homologous to 7^; thus, if ao is the 
Liouville 1-form on M^, which is closed on the Liouville tori, we have 



ao= O!o= $*ao, 



which by Stokes gives (c) . 
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Proof of the proposition. We use again the standard deformation method by 
Moser. Let 

Us = {I — s)(jJo + su. 

We look for Ys a time-dependant vector field defined for s G [0, 1] whose fiow 



00 and uoo being closed, we can find, in a neighbourhood of the origin, smooth 1- 
forms a and ao such that uj = da and uq = dao. Using the standard constructive 
proof of the Poincare lemma, we can choose a and ao such that a = + 0{oo). 
Let be the hamiltonian fiow of X2 on (M"^, Uq). 

Since ^^(O) = ci;o(0) = ojq, one can find a neighbourhood of the origin on 
which Us is non-degenerate for all s G [0, 1]. This enables us to find a suitable Ys 
by solving 



for a suitable function /. Here, any function / such that df{0) = will yield a 
vector field Ys whose time-1 fiow $ solves the point 1. of the lemma. It turns 
out that properly choosing / will be essential in ensuring that $ preserves the 
foliation ( point 2. and 3.). 

Let X2 the hamiltonian vector fields associated to qi, q2 respectively, for 
cjo- Since the level sets of q are lagrangian for uq, X^, X2 are commuting vector 
fields spanning the tangent space to regular leaves. Thus ujo{X1,X2) = 0. But, 
by assumption, the level sets of q are lagrangian for u as well. This implies that 
u{X^,x{) = as weU. Thus UsiX^,X^) = for all s : the level sets of q are 
lagrangian for ujs- This entails that the condition that Ys be tangent to the leaves 
can be written 




lY.Us = -(a - tto) + df, 



(29) 




(30) 



We can expand this 




Now we may let 




{a-ao){Xl) 
(a-«o)(XO) 



and the condition becomes 
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(Here the Poisson brackets come from the canonical symplectic form uq). Notice 
that ri and r2 are flat at the origin. 

Next, recall the following formula for 1-forms : da{X, Y) = Xa(Y)—Ya{X)~ 
a{[X,Y]). Thus 

= a;o(X?,XO) = f/ao(X°,X°) = X?«o(X°) - X^.aoiX^,) - ao([X°,XO]), 
which implies 

z^od(ao(X°)) = Zxorf(ao(X°)). 

and similarly 

z^oci(a(X°)) = Z;,od(a(X°)). 

Hence we may write the same equation again for a — ao which, in terms of uq- 
Poisson brackets, becomes 

{^^1,92} = {r2,qi}- 

Therefore, a solution / to this system (30) is precisely given by the division 
lemma (Theorem 4.1), provided we show that r2 has vanishing (/p^^-average. But, 



since |</?* = X°((/?* ), we have 



V^GM^ ^[ r2{^l{z))dt= [ a-ao= [ u - = 0. 

Jo J-f^ JD:, 

Finally, we check that Yg as defined with 29 vanishes at the origin and hence 
yields a fiow up to time 1 on a open neighbourhood of the origin. 

To conclude, the time-1 fiow of Y^ is a local diffeomorphism $ that preserves 
the g- foliation and such that = Wq, which finishes the proof. 

Notice that is uniformly fiat, whence $ is a fiat perturbation of the iden- 
tity. □ 



5 Proof of the main theorem 

We summarize here all the steps that bring us to prove Theorem 1.2. 

Leimna2.10^ ]x*F = G{qi,q2) + 0{oo) 



Theorem 3.1 
' ) 

[T*{x*ooo) = ij = ooo + O{oo) 

Proposition 4.2 | $*T*G'~^(x*F) = 

> < \U{qi,q2j 

U*T*x*cuo = uJo 
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Only the last implication needs an explanation : indeed, even if the Morse 
lemma is not symplectic, the initial foliation by F is lagrangian for ujq, and 
this implies that, under T, the target foliation by q becomes lagrangian for 
the target symplectic form uj. Thus the hypothesis (a) and (b) of the Darboux 
lemma (Proposition 4.2) are satisfied. That (c) is also satisfied follows from the 
equivariance property {V) of Theorem 3.1. Indeed, let ao be the Liouville 1-form 
in M^, and a := T*ao- Since T commutes with , we have 



On the other hand, since ix^da^ = —dq2 and (Lemma 3.3) dixoa^ = dq2, we get 
^x^(^o = 0. Thus Cx^'^ = which, in turn, says that dix^a = —ix^ da = dq2, 
where we denote by A"^ the w-gradient of q2- By property (V), A"^ = so 
dixoa = dq2. Hence txo<y = q2 + where /3 is a constant, which is actually equal 
to since = q2 + C(oo). We thus get ^^^(a — ao) = 0, which of course 
implies 



Thus one may apply Proposition 4.2, and the main theorem 1.2 is shown for 
^ := $ o T o X and G := G o f/. 
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